Rotation distance between rooted binary trees is the minimum number of simple rotations needed to transform one tree into the other. Computing the rotation distance between a pair of rooted trees can be quickly reduced in cases where there is a common edge between the trees, or where a single rotation introduces a common edge. Tree pairs which do not have such a reduction are difficult tree pairs, where there is no generally known first step. Here, we describe efforts to count and estimate the number of such difficult tree pairs, and find that the fraction decreases exponentially fast toward zero. We also describe how knowing the number of distinct instances of the rotation distance problem is a helpful factor in making the computations more feasible.
Introduction
Trees are a fundamental data structure throughout algorithms and storage implementations. There are often many different trees representing the same underlying data. For example, there are many potential trees representing an ordered set of sorted items via a binary search tree. These different representations may vary considerably in their degree of balance or optimality with respect to a range of criteria.
Given two rooted binary trees S and T both respecting an order on an identical set of leaves, we define the rotation distance d R (S, T ) as the minimum length of a sequence of rotations at nodes to transform S to T . Rotation distance was introduced and described by Culik and Wood [11] and work by Sleator, Tarjan, and Thurston [17] showed a number of foundational properties of rotation distance, including a sharp upper bound of 2n − 6 for the distance between two trees with n internal nodes for extrememly large n. Recent work of Pournin [15] gave specific concrete examples instatiating these sharp bounds for all n at least 11.
There are no known polynomial-time algorithms for computing rotation distance. There are approximation algorithms which are efficient (see Baril and Pallo [1] , Cleary and St. John [10] ) and Cleary and St. John [9] showed the rotation distance problem to be fixed-parameter tractable. These algorithms make use of several important conclusions from Sleator, Tarjan, and Thurston about the rotation distance between two trees S and T . First, that if S and T share a common edge, then any minimal length path of rotations does not change that edge and thus the rotation distance problem splits into two smaller subproblems. If S and S are the trees corresponding to the regions on either side of the common edge in S, and T and T are the corresponding trees on either side of the common edge in T , then d R (S,
In this case, we say that the reduction arises from a common edge. Second, that if there is an edge in S or T which is one rotation away from becoming a common edge with the relevant other tree, then there is a minimal length path from S to T which either begins or ends with that rotation. In this case, there is thus a similar reduction giving d R (S, T ) = d R (S , T ) + d R (S , T ) + 1, where S and S are the trees corresponding to the regions on either side of the common edge after the single rotation in S, with T and T corresponding in T . In this case, we say that the reduction arises from a one-off edge and the manner of proceeding is to follow a one-off move.
Thus the general rotation distance problem for the distance between two trees S and T can be approached by reducing via common edges and one-off moves, turning the original problem into a collection of smaller subproblems between pairs of trees which do not have any common edges or one-off edges. These problems form the kernel of the difficulty of the rotation distance problem.
The number of rooted trees of size n is the nth Catalan number C n , and the number of pairs of rooted binary trees is C 2 n . So the number of possible instances of the rotation distance problem of size n is C 2 n . We are interested in counting and estimate the number of such instances which are difficult, meaning that there are no common edges or one-off edges present in the pair.
Cleary, Elder, Rechnitzer and Taback [5] calculated the asymptotic density of tree pairs with at least one common edge of a peripheral type, in the context of studying the typical form of elements of the abstract group Thompson's group F (see Cannon, Floyd, and Parry [2] or Cleary [4] for the connections between rooted binary trees and Thompson's group.) Asymptotic combinatorial methods showed that the number of trees pairs without at least one common peripheral edge grows at a rate of (8+4 √ 3) n n 3 ∼ 14.93 n n 3 , and since the number of all tree pairs is simply the square of the Catalan numbers, they grow at the rate of 16 n n 3 and the fraction of tree pairs without such a common edge thus goes asymptotically to zero at an exponential rate of about ( 14.93 16 ) n ∼ 0.933 n . Since this covers only one possible type of common edge ("peripheral" in the sense that the relevant tree pair has common subtrees which include all of the leaves of the subtrees) this is a lower bound for the number of trees which have more general common edges. So it is clear that the fraction of trees with no common edges is smaller than this rate, known to be exponentially converging to 0, and since the fraction of trees with no common edges and no one-off edges is even smaller, that also converges to 0 exponentially fast. Here, we investigate the rates of these convergences with both some exact and approximate calculations and find estimates for the rates of exponential decay, showing that these phenomena both become exceedingly rare in larger size tree pair examples. The fraction of tree pairs of size n with no common edges is estimated to be about 0.46 × 0.916 n and the fraction of tree pairs of size n which are difficult is estimated to be about 0.094 × 0.77 n .
Background
By tree of size n we mean a rooted tree with n + 1 leaves and n internal nodes, where each internal node has exactly two children. Such trees are also known as 0 − 2 trees, see Knuth [13] . By triangulation of a regular polygon we mean a collection of non-crossing edges from vertices of a regular n + 2-gon which divide the polygon into triangles. There is a natural duality between trees of size n and triangulations of regular n + 2-gons (see Knuth [13] ) illustrated in Figure 1 . Figure 1 : The duality between a rooted binary tree of size 6 with 7 leaves into its corresponding triangulation of an octagon with a marked edge corresponding to the root. An exterior edge of the polygon corresponds to either a leaf or the root of the tree, and an interior edge of the triangulation corresponds to an edge in the tree between two interior nodes of the tree. Figure from [8] A right rotation at an internal node N of a tree where N has an interior node as a left child is a transformation of the tree which moves the left child of the left child of N to become the left child of N , the right child of the left child of N to become the left child of the right child of N , and the right child of N to become the right child of the right child of N . A left rotation at an internal node N of a tree where N has an interior node as a right child is the inverse operation. The rotation distance between two trees S and T is the minimum number of rotations needed to transform S to T , see Sleator, Tarjan and Thurston [17] . The rotation distance problem is the question of given two trees of the same size, to find the rotation distance between them.
Two adjacent triangles in a triangulation form a quadrilateral, and an an edge flip of a triangulation of a polygon is the replacement of an edge with the edge between the vertices of the opposite corners of a quadrilateral with a triangle adjacent to the edge of the first triangle. The edge-flip distance between two triangulations of a regular polygon is the minimum number of edge flips required to transform one triangulation to the other. There is a natural duality between finding the edge-flip distance between two triangulations S and T of regular polygons of the same size each with a marked edge and finding the rotation distance between their dual rooted trees S and T , illustrated in Figure 2 .
The duality between rotations and edge flips is described in many settings, see [13, 7, 17] . Though the two notions of rotations and edge flips are equivalent through this duality, there are some phenomena which are more easily appreciated from one perspective rather than the other. √ π , the number of rotation distance problems of size k grows as 16 n n 3 .
Symmetries and classes of rotation distance problems
From the viewpoint of edge-flip distance between triangulations, it is clear that there are many different instances of what are essentially the same edge-flip distance problem. These are apparent when we view a triangulation as equivalent to any of its images under a dihedral motion which is a symmetry of the regular polygon. That is, if we rotate all of the dodecagons in Figure 2 by π/6 counterclockwise, the resulting edge-flip move from the rotated dodecagon remains the same. For a particular instance of a n + 2-gon edge-flip distance problem, there may be up to 2n + 4 apparently different yet in fact equivalent instances of the same problem. If the triangulations have some dihedral symmetries, there may not be the full set of 2n + 4 equivalent instances.
There is a long history of counting the number of polygonal triangulations up to dihedral equivalence; see Guy [12] , Motzkin [14] , or Sloane's sequence A207 in the Online Encyclopedia of Integer Sequences [18] for further details.
From the standpoint of computing the number of cases with no common edges or difficult instances, it is only necessary to count the number of such instances up to dihedral equivalence, and then multiply each instance by the number of distinct problems associated to this case. The number of distinct triangulations up to dihedral equivalence is given by
for odd n, and k = n 2 + 1 for even n, and C n is the nth Catalan number for integral n and 0 otherwise, see Sloane [18] . The number of distinct instances of the rotation distance problem is bounded above by d(n)C n which compares favorably with C 2 n and makes exhaustive computations more feasible, although still exponential in number.
Exhaustive experimental results
For small size, it is feasible to enumerate all possible instances of the rotation distance problem and tabulate the fractions that have no common edge and no one-off edges. The results of such enumeration, using the method described above of considering problems up to dihedral equivalence and then counting appropriately, are shown in Table 1 . Though the calculations used dihedral equivalence to make the calculations more feasible, the results shown below are for all pairs of trees. An estimate of the rates of growth for the number of cases with no common edges (presuming that there is the same n 3 factor as proven in the Catalan and peripheral edge cases) gives growth at about 15.141 n n 3 for the number with no common edges, lower than the asymptotic bound of 16 n n 3 for all such instances.
For small cases, almost all of the common edges are indeed of the peripheral type, so if we instead use a model fitted to the data for sizes 10 through 14 with the presumed n 3 factor, we get an exponential growth rate of about 14.88, lower than the upper bound of about 14.93 coming from the peripheral edges only. As noted in the computational experiments, many of the found common edges are the peripheral type although that fraction decreases as n increases.
For the number of difficult instances, we again presume there to be a cubic factor of n in the denominator and fit an exponential model of the form A n n 3 and find a growth rate for A of about 12.5 depending on how many of the initial terms we ignore as not representative. If instead of presuming an n 3 factor in the denominator, we consider instead the fraction of instances of all instances of the rotation distance problem with no common edges, we get the data shown in Figure 3 which has a fitted exponential growth rate of -0.095, giving that the fraction of instances with no common edges shrinking at a rate of about 0.091 n . We note that if there is a cubic denominator factor present, this would cancel out in the fraction which agrees with the observed fit well.
For difficult instances as a fraction of all instances, a similar analysis gives Figure 4 which has a fitted growth ratio of about -0.0257, giving that the fraction of instances with no common edges shrinking at a rate of about 0.77 n .
We note that indeed these are increasingly sparse, with about 1 in 400 instances of size 14 being hard and about 1 in seven instances having a common edge. With a decay rate of about 0.77, that gives an estimate of about 4 × 10 −13 as the fraction of trees of size 100 which are difficult, with only about 1 in 18,000 of size 100 having a common edge of any type. 
Results from sampling
Owing to the exponential growth of the size of the problem, exhaustive search is not feasible for larger n even taking advantage of the dihedral multiplicity described in the previous section. Here we present results from sampling tree pairs to estimate the fractions of tree pairs of larger sizes which have no common edges and those which are difficult tree pairs. The method samples tree pairs uniformly at random using the procedure developed by Remy [16] for growing a rooted tree of a specified size to produce a tree with uniform probability. Two such trees of the same are produced, then the pair is tested for common edges and one-off edges. Owing to the sparseness of these examples with increasing size, millions of iterations are required to get even one example of a hard pair for sizes 50 and larger. Results of these sampling experiments are summarized in Table 2 and reflect a large number of runs of sizes of tree pairs from 15 to 207, showing the number of instances of pairs with no common edges, difficult pairs, and the total number of trees pairs test for various size ranges.
Again the fraction appears to diminish exponentially and we can fit linear models to the log of the number present versus the size considered. The data for Figure 5 . There, we find that the fraction of tree pairs with no common edges is fitted well with an exponential model of p nocommon ∼ 0.4644 × 0.91641 n .
In the case of the difficult instances, we see of course smaller fractions. The data for the number of tree pairs found to be difficult is shown in Figure 6 . Again, an exponential model fits well to data in the range where there are non-zero observations of difficult pairs with a model p hard ∼ 0.09407 × 0.7705 n .
Discussion
Work of Cleary, Elder, Rechnitzer, and Taback [5] gave proven asymptotic results for the fraction of tree pairs with no common edges of peripheral type, decreasing exponentially at a rate of about 0.933 n . So it is no surprise that the smaller fraction of tree pairs with no common edges of any type appears to decrease more rapidly, at a rate of about 0.91 n . The fraction of tree pairs with not only no common edges but further no one-off edges appears also to decrease at an exponential rate of about 0.77 n . So these phenomena will become vanishingly rare for large n.
That these phenomena are rare is good news from the standpoint of solving the rotation distance problem, as it means that a typical instance of a rotation distance problem of large size is nearly certain to have a common edge or a one-off Figure 6 : Sampled estimates of the log of the fraction of instances of all tree pairs are difficult with respect to size edge present, allowing some progress forward. However, from the perspective which wants to understand the general rotation distance problem, it is not easy to find examples which possess the central difficulty of the problem as these become increasingly rare.
One method for sampling difficult pairs would be to sample large tree pairs, then reduce along common edges and one-off edges until a collection of smaller difficult tree pairs arise. This parallels the description in Cleary, Rechnitzer, and Wong [8] where the questions of what is the expected size of the largest remaining piece after splitting along peripheral common edges is studied and approximated. This is a method for generating difficult instances of the problem for study, but since the number of reductions and their locations varies, it does not produce a difficult instance of a specified size. Typically, given a large pair, there would be about 9% common edges, and the size of the largest remaining component after reduction is about (4 − π)n ∼ 0.85n. Experimental work of Chu and Cleary [3] suggested that the number of one-off edges between randomly selected trees was comparable to the number of common edges, as confirmed by the work of Cleary, Rechnitzer, and Wong [8] showing the number of one-off edges in a piece of size n with no common edges to be asymptotically ( 5 4 − 1 (4−π) )n ∼ 0.085n. So for example, selecting a tree pair of size 100 at random may result in the largest piece with no coming edges being of size 85, which itself may have about 6 one-off edges, giving perhaps a largest remaining piece of size 63 which corresponds to a difficult pair. Another random sample may end up with something of size 71 or 58 and so on, resulting in collections of difficult instances across a range of sizes.
Cleary and Maio [6] have a heuristic sampling algorithm for constructing difficult instances of the rotation distance problem of a specified size by a growing method based upon the method of Remy [16] modified to work with tree pairs and which runs in polynomial time. This is preferable to a "test-and-reject" approach particularly when interested in difficult examples of a particular size.
